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Abstract
In this paper, we prove that the class number of the imaginary quadratic field Q(
√−F50s+25 ) (s  0)
is divisible by 5, where Fn is the nth number in the Fibonacci sequence. Moreover we give a polyno-
mial with integer coefficients whose splitting field over Q is an unramified cyclic quintic extension of
Q(
√−F50s+25 ).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The following is a fundamental problem in the theory of quadratic fields: For a given positive
integer N , find quadratic fields whose class number is divisible by N . Several authors (for exam-
ple, T. Nagell [7], N.C. Ankeny and S. Chowla [1], Y. Yamamoto [12], P.J. Weinberger [11] and
H. Ichimura [4]) gave an infinite family of quadratic fields whose class number is divisible by ar-
bitrary given integer N . If limited to the case N = 5, C.J. Parry [8], J.-F. Mestre [6], M. Sase [10]
and D. Byeon [2] gave a family of quadratic fields whose class number is divisible by 5. In par-
ticular, Sase [10] gave a family of polynomials whose splitting field is a D5-extension of Q and
an unramified C5-extension of containing the quadratic field. In the present paper, we will give
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get the following new infinite family of quadratic fields whose class number is divisible by 5.
Theorem. Let Fn denote the nth number in the Fibonacci sequence:
1,1,2,3,5,8,13, . . . .
Then the class number of the quadratic field Q(√−F50s+25 ) (s  0) is divisible by 5.
We list here those symbols which will be used throughout this article.
Let Q denote the field of rational numbers and Z denote the ring of rational integers.
For an integer n, let Cn and Dn denote the cyclic group of order n and the dihedral group of
order 2n, respectively.
For an extension L/K , denote the norm map and the trace map of L/K by NL/K and by
TrL/K , respectively. For simplicity, we denote NL and TrL if the base field K = Q. For a Galois
extension L/K , we denote the Galois group of L/K by Gal(L/K).
For a polynomial f (X) and a field K , we denote the minimal splitting field of f (X) over K
by SplK(f ).
2. Statement of the results
To state our theorems, we prepare some notations.
Let (Fn) and (Ln) be the Fibonacci and the Lucas sequences, respectively, defined as follows:
F1 = 1, F2 = 1, Fn+2 = Fn+1 + Fn (n 1),
L1 = 1, L2 = 3, Ln+2 = Ln+1 + Ln (n 1).
Let ζ := e2πi/5 be a primitive fifth root of unity. For a non-negative integer m, we set
km := Q(√−F2m+1 ). Moreover we define a cyclic quartic field Mm as follows: Mm is the
proper subextension of km(ζ )/Q(
√
5) other than km(
√
5) and Q(ζ ). Then we can express
Mm = Q(√−F2m+1(ζ − ζ−1)). We define an element δm of Mm by
δm := 1 + εm
√−F2m+1(ζ − ζ−1),
where ε := (1 +√5)/2 is a fundamental unit of Q(√5). As we will see in Section 4, δm is a unit
in Mm.
For a non-negative integer m, we define a polynomial gm(X) of degree 5 with integer coeffi-
cients by
gm(X) := X5 − 10X3 − 20X2 + 5
(
20F 22m+1 − 3
)
X + 40F 22m+1
(
(−1)mL2m+1 + 1
)− 4.
Under the above notations and assumptions, we have the following.
Theorem 1. Let m be a non-negative integer. Then the splitting field SplQ(gm) is a D5-extension
of Q containing km. If, moreover, m ≡ 12 (mod 52), then SplQ(gm) is an unramified cyclic
quintic extension of km. Hence, by putting m = 25s + 12, the class number of the quadratic field
Q(
√−F50s+25 ) is divisible by 5.
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{
Q(
√−F50s+25) ∣∣ s  0}
is infinite.
3. D5-polynomials
In this section, we give a parametric D5-polynomial with integer coefficients. It is a review
of [5] in the case p = 5 and the base field Q.
Let ζ be a primitive fifth root of unity, and let k = Q(√D) be a quadratic field which does not
coincide with Q(
√
5). Then there exists a unique proper subextension of the bicyclic biquadratic
extension k(ζ )/Q(
√
5) other than k(
√
5) and Q(ζ ). We denote it by M . Then M is a cyclic
quartic field. Let us call M the associated field with k. Fix the generator τ of Gal(k(ζ )/k) with
ζ τ = ζ 2, and define a subsetM(k) of k(ζ )× as follows:
M(k) := {γ ∈ k(ζ )× ∣∣ γ 3+4τ+2τ 2+τ 3 /∈ k(ζ )5}.
For an element γ ∈ M , we define a polynomial fγ (X) by
fγ (X) := X5 − 10NM(γ )X3 − 5NM(γ )NT (γ )X2
+ 5NM(γ )
{
NM(γ ) − NT
(
γ 1+τ
)}
X − NM(γ )NT
(
γ 2+τ
)
,
where NT = N
Q(
√
5) TrM/Q(√5).
Applying [5, Theorem 2.1, Corollary 2.6] to the case p = 5, we get the following proposition.
Proposition 3.1. Let the notation be as above. Then for δ ∈M(k) ∩ M , SplQ(fδ) is a D5-
extension of Q containing k. Putting E := SplQ(fδ), moreover, we have
E = k(TrE(ζ )/E( 5
√
δ3+4τ+2τ 2+τ 3
))
.
Remark 3.2. In [5], we can see that every D5-extension E of Q containing k is given as E =
SplQ(fδ) for some δ ∈M(k) ∩ M .
4. Properties of Fibonacci and Lucas numbers
There are many relations between Fibonacci and Lucas numbers. (See, for example [9].) In
this section, we list six properties which we need in the proof of our theorems.
(A) The power of ε = (1 + √5)/2 is expressed by
εm = Lm + Fm
√
5
2
.
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Fm+1 = Lm + Fm2 .
(C) For any positive integer N , the Fibonacci and the Lucas sequence have a period modulo N ,
that is, there exists l, l′ ∈ Z such that
Fa+bl ≡ Fa (mod N), La+bl′ ≡ La (mod N)
for any positive integers a, b. (We call l and l′ the length of period modulo N .)
(D) For positive integer m,
52 | Fm ⇐⇒ 52 | m,
53 | Fm ⇐⇒ 53 | m.
(E) Fn is a perfect square if and only if n = 1,2,12.
(F) Let n and m be positive integers. If d = gcd(n,m), then we have
gcd(Fn,Fm) = Fd.
Remark 4.1. Property (E) is proved by J.H.E. Cohn [3]. The others are easily proved.
5. Proof of Theorem 1
Let the notation be as in Section 2. Then Mm is the associated field with km. Hence we can
apply Proposition 3.1. Let τ be a generator of Gal(km(ζ )/km) (∼= C4) with ζ τ = ζ 2. Now let us
calculate fδm(X);
fδm(X) = X5 − 10NMm(δm)X3 − 5NMm(δm)NT (δm)X2
+ 5NMm(δm)
{
NMm(δm) − NT
(
δ1+τm
)}
X − NMm(δm)NT
(
δ2+τm
)
.
We note that τ satisfies the following:
ζ τ = ζ 2, (√5)τ = −√5, (√−F2m+1)τ =√−F2m+1.
Write ε := ετ ; then we have
NMm(δm) =
(
1 + εm√−F2m+1(ζ − ζ−1))(1 + εm√−F2m+1(ζ 2 − ζ−2))
× (1 − εm√−F2m+1(ζ − ζ−1))(1 − εm√−F2m+1(ζ 2 − ζ−2))
= (1 + ε2mF2m+1(ζ − ζ−1)2)(1 + ε2mF2m+1(ζ 2 − ζ−2)2)
=
(
1 − 5 +
√
5
ε2mF2m+1
)(
1 − 5 −
√
5
ε2mF2m+1
)
2 2
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√
5
2
ε2mF2m+1 − 5 −
√
5
2
ε2mF2m+1 + 5NQ(√5)(ε)2mF 22m+1
= 1 − F2m+1
{
Tr
Q(
√
5)
(
5 + √5
2
ε2m
)
− 5F2m+1
}
,
by using
(
ζ − ζ−1)2 =
(
2i sin
2π
5
)2
= −5 +
√
5
2
,
(
ζ 2 − ζ−2)2 =
(
2i sin
4π
5
)2
= −5 −
√
5
2
.
Here, by Property (B) we have
Tr
Q(
√
5)
(
5 + √5
2
ε2m
)
= Tr
Q(
√
5)
(
5 + √5
2
· L2m + F2m
√
5
2
)
= 5L2m + 5F2m
2
= 5F2m+1.
Therefore we get NMm(δm) = 1. By similar calculations, we have
NT (δm) = 4,
NT
(
δ1+τm
)= 4 − 20F 22m+1,
NT
(
δ2+τm
)= 4 − 40F 22m+1(1 + (−1)mL2m+1).
Substituting them into fδm(X), we have
fδm(X) = X5 − 10X3 − 20X2 + 5
(
20F 22m+1 − 3
)
X + 40F 22m+1
(
(−1)mL2m+1 + 1
)− 4
= gm(X).
Now we consider when the assumption δm ∈ M(km) of Proposition 3.1 holds, that is,
δ3+4τ+2τ 2+τ 3m is not a fifth power in km(ζ ).
Suppose that δ3+4τ+2τ 2+τ 3m is a fifth power in km(ζ ); δ3+4τ+2τ
2+τ 3
m = α5, α ∈ km(ζ ). Since
km(ζ ) is normal over Q, we have
TrE(ζ )/E
( 5√
δ3+4τ+2τ 2+τ 3m
)= TrE(ζ )/E(α) ∈ km(ζ ),
where E = SplQ(gm). By the last half of Proposition 3.1, therefore, we have
SplQ(gm) = km
(
TrE(ζ )/E(α)
)⊂ km(ζ ).
Hence the degree [SplQ(gm) : km] is less than 5. Then gm(X) must be reducible over Q. Con-
versely, suppose that δm ∈M(km). Then by Proposition 3.1, we have [SplQ(gm) : km] = 5, and
so gm(X) is irreducible over Q. Therefore, we have
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From now on, we assume that m ≡ 12 (mod 52). First we will show that δm ∈M(km). Note
that together the Fibonacci and the Lucas sequences have a period of the same length 50 modulo
the prime 151 (cf. Property (C)). By putting m = 25s + 12, we have
F2m+1 = F50s+25 ≡ 129 (mod 151) and L2m+1 = L50s+25 ≡ 0 (mod 151).
Then we have
gm(X) ≡ X5 − 10X3 − 20X2 + 65X + 28 (mod 151).
We see that the right-hand side is irreducible modulo 151. Then gm(X) is irreducible over Q.
From Proposition 5.1, we get δm ∈M(km).
By Proposition 3.1, SplQ(gm) (= SplQ(fδm)) is a D5-extension of Q containing km. We will fi-
nally show that the cyclic quintic extension SplQ(gm)/km is unramified. Let θ be a root of gm(X).
Let q be a prime number in general. A prime divisor of q in km is ramified in SplQ(gm) if and
only if q is totally ramified in Q(θ) because [SplQ(gm) : km] and [km : Q] are relatively prime.
Hence we have only to verify that no primes are totally ramified in Q(θ). This can be proved
by using the following Sase’s result. For a prime number p and for an integer m, we denote the
greatest exponent μ of p such that pμ | m by vp(m).
Proposition 5.2. (See [10, Proposition 2].) Let p (= 2) and q be prime numbers. Suppose that
the polynomial
ϕ(X) = Xp +
p−2∑
j=0
ajX
j , aj ∈ Z,
is irreducible over Q and satisfies the condition
vq(aj ) < p − j for some j , 0 j  p − 2. (5.1)
Let θ be a root of ϕ(X).
(1) If q is different from p, then q is totally ramified in Q(θ)/Q if and only if
0 <
vq(a0)
p
 vq(aj )
p − j for every j , 1 j  p − 2.
(2) The prime p is totally ramified in Q(θ)/Q if and only if one of the following conditions (S-i),
(S-ii) holds:
(S-i) 0 <
vp(a0)
p
 vp(aj )
p − j for every j , 1 j  p − 2;
(S-ii) (S-ii-1) vp(a0) = 0,
(S-ii-2) vp(aj ) > 0 for every j, 1 j  p − 2,
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vp(ϕ(−a0))
p
 vp(ϕ
(j)(−a0))
p − j for every j, 1 j  p − 2, and
(S-ii-4) vp
(
ϕ(j)(−a0)
)
< p − j for some j, 0 j  p − 1,
where ϕ(j)(X) is the j th differential of ϕ(X).
Now let us apply Proposition 5.2 to our polynomial gm(X). First, we easily verify that gm(X)
satisfies (5.1) for each prime. Next, we see from (1) of Proposition 5.2 that no primes except for 5
are totally ramified in Q(θ)/Q because the greatest common divisor of the coefficient of X3 and
that of X is equal to 5. We will show, therefore, that 5 is not totally ramified. Denote the constant
term of gm(X) by c0;
c0 := 40F 22m+1
(
(−1)mL2m+1 + 1
)− 4.
Since c0 is not divisible by 5, the condition (S-i) does not hold. By the assumption m ≡
12 (mod 52), we have 2m+1 ≡ 0 (mod 52). Then by Property (D), we have F2m+1 ≡ 0 (mod 52),
and hence −c0 ≡ 4 (mod 55). Therefore we have
gm(−c0) ≡ 45 − 10 · 43 − 20 · 42 − 15 · 4 − 4 ≡ 0
(
mod 55
)
,
g(1)m (−c0) ≡ 5 · 44 − 30 · 42 − 40 · 4 − 15 ≡ 0
(
mod 54
)
,
g(2)m (−c0) ≡ 20 · 43 − 60 · 4 − 40 ≡ 0
(
mod 53
)
,
g(3)m (−c0) ≡ 60 · 42 − 60 ≡ 0
(
mod 52
)
.
Then the condition (S-ii-4) does not hold. (We can easily check that (S-ii-1), (S-ii-2) and (S-ii-3)
hold.) Hence 5 is not totally ramified in Q(θ). This completes the proof of Theorem 1.
6. Proof of Theorem 2
Assume, for a contradiction, #{Q(√−F50s+25 ) | s  0} < ∞. For an integer m, we denote the
square free part of m by sf(m). By the assumption, the set
P :=
⋃
s0
{
prime factors of sf(F50s+25)
}
is finite. Then there exists a positive integer t so that we have
P =
⋃
0st
{
prime factors of sf(F25(2s+1))
}
.
Take a prime q with q > 2t + 1 and q = 5. Then for each prime factor r of sf(F25q), we have
sf(F25(2s+1)) ≡ 0 (mod r) for some s, 0 s  t . (6.1)
Y. Kishi / Journal of Number Theory 128 (2008) 2450–2458 2457(Note that sf(F25q) > 1 by Property (E).) On the other hand, because q is prime, for each s,
0 s  t , we have
gcd
(
25(2s + 1),25q)= 25,
and hence by Property (F),
gcd(F25(2s+1),F25q) = F25 = 3001 · 52.
Then we have r = 5 or 3001. Moreover, by Property (D), we have 52 ‖ F25q and hence r = 3001.
Then we can express
F25q = 3001A2q
for some Aq ∈ Z. Then we have
−1 = N
Q(
√
5)
(
ε25q
)= L
2
25q − 5F 225q
4
= L
2
25q − 5 · 30012A4q
4
.
This implies that (Aq,L25q) is an integer solution of the equation
Y 2 = 5 · 30012X4 − 4. (6.2)
The values of L25q (q is prime), of course, are different from each other. However by Siegel’s
theorem, there are only finitely many integer solutions (X,Y ) of Eq. (6.2). This is a contradiction.
The proof of Theorem 2 is completed.
7. Numerical examples
Example 7.1. Let m = 12. By F12 = 144, L12 = 322 and F25 = 3001 · 52, we have
δ12 = 1 + 322 + 144
√
5
2
√
−3001 · 52(ζ − ζ−1)
and
g12(X)
(= fδ12(X))= X5 − 10X3 − 20X2 + 562875062485X + 37771618494049996.
By Theorem 1, the splitting field of g12(X) is an unramified cyclic quintic extension of
Q(
√−F25 ) = Q(
√−3001 ).
In Table 1, we list the prime decompositions of −F50s+25 and the structure of the ideal class
groups of Q(
√−F50s+25 ) for 0 s  3. For this table we use GP/PARI (Version 2.1.5).
2458 Y. Kishi / Journal of Number Theory 128 (2008) 2450–2458Table 1
s −F50s+25 Structure of the ideal class
group of Q(
√−F50s+25 )
0 −3001 · 52 C40
1 −2 · 61 · 3001 · 230686501 · 52 C2461460 × C2 × C2
2 −5 · 3001 · 158414167964045700001 · 52 C79285156360 × C8 × C2
3 −13 · 701 · 3001 · 141961 · 17231203730201189308301 · 52 C1737032019043290 × C6 × C2 × C2 × C2
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